Abstract. In this paper, we give some basic results concerning Toeplitz operators whose symbol is of the form e ipθ φ, where φ is a radial function, then use these results to characterize all Toeplitz operators which commute with them.
In 1964, Brown and Halmos [3] showed that on the Hardy space, two bounded Toeplitz operators T ϕ and T ψ commute if and only if: (i) both ϕ and ψ are analytic, or (ii) bothφ andψ are analytic, or (iii) one is a linear function of the other. In [1] Axler andČučković proved that if the two symbols are bounded harmonic functions, then the same result is also true for Toeplitz operators on the Bergman space. Recently, with Rao [2] , they proved that if ϕ is a bounded analytic function and if there exists a bounded function ψ such that T ϕ and T ψ commute on L 2 a , then ψ must be analytic too. In [8] and [9] Vasilevski gave the description of many (geometrically defined) classes of commuting Toeplitz operators.
The situation with a general symbol is rather more complicated. Let ϕ, ψ ∈ L 1 (D, dA) be radial functions, i.e. ϕ(z) = ϕ(|z|), z ∈ D. It is well known and easy to see that two Toeplitz operators with radial symbols commute. We show here that if p and s are integers such that ps 0, then the Toeplitz operators with symbols e ipθ ϕ and e isθ ψ commute only in certain trivial cases. The case ps 0 is treated for ϕ = r m in [4] . We note that the part (b) of Theorem 3 in [4] is not correct as stated.
Some basic results about quasihomogeneous symbols.
An operator that will arise in our study of Toeplitz operators is the Mellin transform, defined for any function ϕ ∈ L 1 ([0, 1]; rdr), by the formula
which is a bounded holomorphic function in the half plane {z : Re z > 2}. It is known that if there exists a sequence
then by the Muntz-Szasz theorem (see [7] ), ϕ = 0. A function f is said to be quasihomogeneous of degree k if and only if
where ϕ is a radial function (see [6] ). A direct calculation gives the following lemma which we shall use often.
Lemma 1.
Let p 0 an integer and ϕ a bounded radial function. Then, for all n = 0, 1, 2, . . . :
Next, we introduce the notion of radialization (see [10] 
It is easy to see that a function f is radial if and only if rad(f ) = f .
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Lemma 2.
For a bounded function f and for all integers m, n 0:
P r o o f. Writing out the integrals, changing the order of integration and making a change of variable, we have for all integers m, n 0,
Proposition 3. A bounded function f is quasihomogeneous of degree p ∈ Z if and only if, for all integers
P r o o f. Let f be a quasihomogeneous function of degree p, i.e., f = e ipθ ϕ, where ϕ is a radial function. The necessity of condition (1) is a direct consequence of Lemma 1.
Conversely, suppose that equation (1) is true for any p ∈ Z. Then, for any positive integers n and m:
and if p < 0
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Thus, if we note
then by Lemma 2, we have for all integers m, n 0, By Lemma 1, if p and s are greater than or equal to 0, then for all n 0, there exists λ n ∈ C such that
When p 0 and s < 0, we have
So, if T f 1 T f 2 = T h then by Proposition 3, h is a quasihomogeneous function of degree p + s. If p and s are both negative, or if p < 0 and s 0, then by considering the adjoint operator we obtain the same result.
Proposition 4 helps us to identify the Toeplitz operators which are idempotents. The following corollary is an immediate consequence.
Corollary 5. If f is a quasihomogeneous function of degree different from 0 and if
T 2 f = T f , then f = 0.
Commuting Toeplitz operators.
In this section, we will see that two Toeplitz operators with quasihomogeneous symbols such that the signs of their quasihomogeneous degrees are opposite commute only in the trivial case, i.e., if one of them is the constant operator. Then Remark 12 shows that a function in L 2 (D, dA) whose polar decomposition has only negative components cannot commute with a non trivial Toeplitz operator whose symbol is of positive quasihomogeneous degree. 
Otherwise,
where E c is the complement of E in N, and so we have
This implies that
For any integer n 0 greater than 0, the last equation gives us
If we denote by C the constant n 0 ψ(n 0 ), we obtain
and so, ψ is equal to C1 1.
R e m a r k 7. If p < 0 the same result is true by considering the adjoint of the operator.
Proposition 8. Let p s be two integers greater than 0 and φ and ψ two bounded radial functions. If
T e ipθ φ T e −isθ ψ = T e −isθ ψ T e ipθ φ then, φ = 0 or ψ = 0. P r o o f. If T e ipθ φ and T e −isθ ψ commute, then, for each n 0,
if n s.
where C n = n−s+1 n+p+1 .
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Now, equation (a) implies that for all n 0 s − 1, there exists a sequence (n k ) k∈N , which is defined by n k+1 = n k + s or n k + p, such that
It is clear that
we see that at least one of the series This is equivalent to:
with C n = n+p+1 n+s+1 . From these equalities, one obtains:
for all n in the set E = {n ∈ N : φ(2n + 2s + p + 2) φ(2n + p + 2) = 0}. 
Then,
T ψ T e ipθ φ = T e ipθ φ T ψ ⇐⇒ T e ikθ ψ k T e ipθ φ = T e ipθ φ T e ikθ ψ k , ∀k ∈ Z.
